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Abstract—In this work, we study the order statistic estimation
and provide a simple solution to lidar bounding box (BB) centroid
estimation for an autonomous vehicle (AV). The estimated BB
centroid and its uncertainty will be used in object tracking
as measurement and measurement noise variance; the latter
is commonly not available from the sensor manufacturer, and
is needed for data association and target state estimation. The
detected and clustered sensor observations for a single target,
on one axis, are assumed to have i) a triangular density, or
ii) a uniform (rectangular) density. These densities constitute
the likelihood function (LF) of the corresponding support (the
interval where they are nonzero) boundaries. Estimators are
proposed for the LF support boundary parameter estimation
and the centroid coordinates are given by the centers of the
boundaries. Experiments using real data are carried out to show
the performance of the proposed methods for autonomous driving
applications. A comparison with the Max-Min average approach
shows the superiority of the proposed algorithm.

I. INTRODUCTION

Object detection provides information needed for target
tracking and plays a core role in autonomous driving. The
observation uncertainties (standard deviation of measurement
noise)1 are crucial in achieving high motion state estimation
accuracy and consistency2. Therefore, capturing reliably the
uncertainty in object tracking is indispensable for autonomous
driving safety — the major concern. Lidar, as one the most
used onboard sensors, can provide color and depth information
of the foreground and background. Object detection algorithms
using lidar observations have been widely studied. In this
work, we study the order statistic estimation with an appli-
cation of bounding box centroid (position and its uncertainty)
estimation detected by a lidar.

While the uncertainty of bounding box labeling has been
studied in the literature using machine learning (ML) and
neural networks (NN) with deep learning, little work has
addressed the connection between the label uncertainty and
measurement uncertainty, which is needed for object tracking.
The concept of epistemic uncertainty (caused by process noise)
and aleatoric uncertainty (caused by measurement noise) was
introduced in [10], which proposed a Bayesian Deep Learn-
ing algorithm for obtaining the aforementioned uncertainties.

Draft to TAES
1The measurement noises are commonly assumed to be white zero-mean

Gaussian.
2Consistency means the filter calculated uncertainties (standard deviations)

associated with the state estimates match statistically the actual errors.

Meyer et al. [13] proposed an improved lidar-based object
detector by combing the benefits of the Kullback-Leibler Di-
vergence loss and lidar label uncertainty. The authors proposed
in [18] a generative model to estimate bounding box label
uncertainties from lidar point clouds, and defined a new rep-
resentation of the probabilistic bounding box through spatial
distribution. Based on [10], Meyer et al. [14] introduced
an efficient probabilistic 3D object detector using lidar. The
mean and variance of the bounding box are discussed with the
assumption that each point from the bounding box shares the
same variance. A novel form of the loss function (via neural
networks) was proposed in [16] to improve the performance
of lidar-based object detection and discussed the uncertainty
of an individual measurement for prediction. A sampling-
free approach for computing the epistemic uncertainty of a
neural network was presented in [17]. A review of uncertainty
quantification in deep learning is given in [1]. Center-based
object tracking via machine learning using 3D bounding box
is introduced in [5]. Bai te al. [4] proposed TransFusion for
lidar-camera fusion where a feed-forward network (FFN) is
used to predicts the bounding box center offset and shape.

Model-based extended object tracking can provide target
shape (including the centroid) information, however, it is
done in the process of filtering along with motion state
estimation [5]. Granström el al. [7] proposed a method to
solve the problem of tracking a rectangle target using laser
measurements by using sample covariance eigenvalues and
the reference point, i.e., the nearest angle of the rectangular
to the laser range sensor. A Gaussian mixture probability
hypothesis density (GM-PHD) filter is used for the estimation
of an extended state vector including target motion and shape
parameters. More details are given in [8] for extended object
tracking with various approaches for shape estimation, which
is coupled with motion state estimation. Turning to real-world
sensor fusion systems, the application for extended object
tracking was introduced in [21], in which the authors presented
a tracker using an interacting multiple model (IMM) estimator
for kinematic information and a truncated Gaussian scheme for
shape (width/length/orientation) estimation, and a hierarchical
association method according to both kinematic and shape
information. In [11], the authors considered ellipsoidal object
extensions, which are defined by symmetric, positive definite
random matrices. Note that the above literature assumed
known measurement noise statistics.

In some AV applications, the representative kinematic be-
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Fig. 1: Detected and clustered position observations for a single target from lidar

haviors of the object are described by the state of a reference
point, which is commonly chosen to be the nearest observable
corner to the ego vehicle. However, the shape estimation
suffers from problems such as an erratic reference point as
the object-sensor geometry changes, and insufficient object
kinematic information, i.e., the reference point cannot fully
represent the object behaviors (e.g., a smoothly turning object
might be observed as static if the reference point is the rotation
pivot point). In consequence, it is necessary to estimate the
bounding box centroid and its uncertainty.

In this work, we investigate the order statistic estimation
for a general triangular density and, focusing on a rectangular
AV bounding box, proposed a simple solution for centroid
estimation, which is decoupled from state estimation (this
is not extended target tracking). Centroid estimation is a
pre-process of measurement-to-object association and target
motion tracking. Fig. 1 shows the detected and clustered
observations for a target of interest. The observations, along
each axis, are assumed to have: 1) a triangular density or 2)
a uniform density. Empirically, the uniform is a questionable
assumption compared to the triangular one, but also provides
significant improvement in centroid estimation compared to
the Max-Min average method. The high resolution lidar mea-
surements from an oncoming vehicle are more likely to have a
triangular pdf, i.e., there will be more measurements around its
corner nearest to the lidar than the farthest — this motivated
the use of a triangular pdf. We also considered a “generalized
triangular” pdf3 where the hypotenuse is not a straight line
but a (convex “U”) parabola or a cubic. The distribution
of sensor observations depends on sensor-object geometry.
An unbiased estimator is then used to obtain the support
boundary parameters and its uncertainty via order statistics
estimation for the triangular density and Maximum Likelihood
estimation for the rectangular density. For AV applications, the
approach is used for lidar bounding box centroid estimation

3We admit that the term “generalized triangular” can be misleading but
there does not seem to be one that is better.

based on detected and clustered lidar point clouds. We assume
that object detection is a preprocessing of the bounding box
centroid estimation and it is available in the detector. The
bounding box estimation results will then be used in target
motion tracking.

Sec. II formulates the problem and introduces order statis-
tics for a generalized triangular density. The order statistic
estimation is introduced in Sec. II-A and the support boundary
estimation is shown in Sec. II-B. Generalized triangular pdf
based centroid estimation is introduced in Sec. III. The detailed
discussion for uniform pdf based Maximum Likelihood bound-
ing box centroid estimation is in Sec. IV. The scenario setup
and numerical results can be found in Sec. V. Conclusions are
given in Sec. VI.

II. ORDER STATISTICS FOR GENERALIZED
TRIANGULAR DENSITY

In this section, we discuss the order statistic estimation for
a generalized triangular density. Assuming the lidar measure-
ment (clustered) in a generic coordinate x has a density with
Probability Density Function (pdf) and Cumulative Distribu-
tion Function (cdf)

f(x) =

{
(p+1)(b−x)p

(b−a)p+1 ; a ≤ x ≤ b

0 else
(1)

F (x) =


0 x < a

1−
(

b−x
b−a

)p+1

a ≤ x ≤ b

1 x > b

(2)

within the support boundaries a, b; p = 1 is a right triangle,
p = 2 is a “parabolic triangle” (convex “U”), p = 3 is a “cubic
triangle”. The clustered measurements are assumed to be i.i.d.
and the total number is n. Specially, for target i we have n =
ni (27). The superscript is dropped here for simplicity. Define
x(k) as the kth order statistic, i.e, the kth element when they
are sorted in an ascending order in the coordinate considered.
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In general, for a population of i.i.d. random variables having
pdf f(·) and cdf F (·), the pdf of the kth order statistic is

fk(x(k)) =

(
n
k

)
kf(x(k))F (x(k))

k−1(1− F (x(k)))
n−k

(3)

A. Order Statistic Estimation

For the variable defined in (1) and (2), the kth order statistic
has the expected value

E{x(k)} =

∫ b

a

x

(
n
k

)
kf(x(k))F (x(k))

k−1(1− F (x(k)))
n−kdx (4)

=

∫ b

a

x

(
n
k

)
k
(p+ 1)(b− x)p

(b− a)p+1

(
1−

(
b− x

b− a

)p+1
)k−1

×

((
b− x

b− a

)p+1
)n−k

dx (5)

= b−
∫ b

a

(
n
k

)
k
(p+ 1)(b− x)p+1

(b− a)p+1

(
1−

(
b− x

b− a

)p+1
)k−1

×

((
b− x

b− a

)p+1
)n−k

dx (6)

Letting

m =

(
b− x

b− a

)p+1

(7)

we have

dx = − b− a

p+ 1
m

−p
p+1 dm (8)

and

E{x(k)} = b−
∫ 1

0

(
n
k

)
k(p+ 1)m (1−m)

k−1

·mn−k b− a

p+ 1
m

−p
p+1 dm (9)

= b−
(

n
k

)
k(b− a)

∫ 1

0

mα1−1 (1−m)
β1−1 (10)

= b−
(

n
k

)
k(b− a)B(α1, β1)

·
∫ 1

0

1

B(α1, β1)
mα1−1 (1−m)

β1−1 (11)

= b−
(

n
k

)
kB(α1, β1)(b− a) (12)

where

α1 = n− k +
1

p+ 1
+ 1 β1 = k (13)

and B(α1, β1) =
Γ(α1)Γ(β1)
Γ(α1+β1)

is the beta function. Note in (11),
we have an integral of a beta distribution pdf.

The second moment of the kthorder statistic is

E{x2
(k)} =

∫ b

a

x2

(
n
k

)
kf(x(k))F (x(k))

k−1

·(1− F (x(k)))
n−kdx (14)

=

∫ b

a

[
(b− x)2 + 2xb− b2

]( n
k

)
k
(p+ 1)(b− x)p

(b− a)p+1

×

(
1−

(
b− x

b− a

)p+1
)k−1((

b− x

b− a

)p+1
)n−k

dx (15)

=

∫ b

a

(
n
k

)
k(p+ 1)(b− a)

(b− x)p+2

(b− a)p+2

×

(
1−

(
b− x

b− a

)p+1
)k−1((

b− x

b− a

)p+1
)n−k

dx

+2bE{x(k)} − b2 (16)

Again, we use (7) and the above becomes

E{x2
(k)} =

∫ 1

0

(
n
k

)
k(p+ 1)(b− a)m

p+2
p+1

× (1−m)
k−1

mn−k b− a

p+ 1
m

−p
p+1 dm

+ 2bE{x(k)} − b2 (17)

=

∫ 1

0

(
n
k

)
k(b− a)2mα2−1(1−m)β2−1dm

+2bE{x(k)} − b2 (18)

=

(
n
k

)
k(b− a)2B(α2, β2) + 2bE{x(k)} − b2 (19)

where

α2 = n− k +
2

p+ 1
+ 1 β2 = k (20)

B. PDF Support Boundary Estimation

Define

γn,k =

(
n
k

)
kB(α1, β1) (21)

then the expected value of the kthorder statistic (12) becomes

E{x(k)} = γn,ka+ (1− γn,k)b (22)

We propose the following estimators, based on [19]

â ≡ µa
kx(k) + µa

l x(l)

b̂ ≡ µb
kx(k) + µb

lx(l) (23)

for arbitrary order statistics k and l. In order that these be
unbiased estimators of a and b we require(

(1− γn,k) (1− γn,l)
γn,k γn,l

)(
µa
k

µa
l

)
=

(
0
1

)
(24)(

(1− γn,k) (1− γn,l)
γn,k γn,l

)(
µb
k

µb
l

)
=

(
1
0

)
(25)
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III. TRIANGULAR PDF BASED BOUNDING BOX
CENTROID ESTIMATION

In object clustering (by discretizing the top-down view into
bins [14]), a set of lidar points Si whose centroids – absolute
box centers – fall into the same bin (cluster) i form a single
bounding box for object i. Define the bin indicator

αi(k) =

{
1 k ∈ Si (c(k) falls in bin i) k = 1, . . . , N
0 otherwise

(26)
where N is the total number of detections in the scan of
interest.

The total number of points in the set Si, with membership
indicator αi(k), is

ni =
N∑

k=1

αi(k) (27)

After clustering, the position observation set for target i is
defined as

Oi = col
[
[x(k) y(k) z(k)]′

]
k∈Si

(28)

which is a stacked vector of all the clustered 3D position
vectors.

The estimation for the centroid will be done independently
across coordinates. Thus, as an illustration, the following
analysis is only for the x-axis, where the results can be used
for any axis. A subset of (28), only considering the x-axis, is
defined as

Oi
x ≜ col [x(k)]k∈Si

(29)

which contains ni, given in (27), position measurements.
Assuming the observations are i.i.d. random variables having
pdf (1) and cdf (2), the support boundary estimate is (âi, b̂i).
The centroid of the bounding box can be obtained by

ĉix,T =
1

2
(âi + b̂i) (30)

The subscript T indicates triangular pdf based estimation.
The variance of the centroid is

σ2
x,T ≜ P (ĉix,T ) =

1

4
[P (ai) + 2P (ai, bi) + P (bi)] (31)

From Sec. II, using the 1st and nth order statistics in (23),
i.e., l = 1 and k = n, we have

â = µa
(ni)x(ni) + µa

1x(1)

b̂ = µb
(ni)x(ni) + µb

1x(1) (32)

where

µa
(ni) =

B(ni + 1
p+1 , 1)− 1

ni
[
B(ni + 1

p+1 , 1)−B(1 + 1
p+1 , n

i)
] (33)

µa
1 =

1−B(1 + 1
p+1 , n

i)

ni
[
B(ni + 1

p+1 , 1)−B(1 + 1
p+1 , n

i)
] (34)

µb
(ni) =

B(ni + 1
p+1 , 1)

ni
[
B(ni + 1

p+1 , 1)−B(1 + 1
p+1 , n

i)
] (35)

µb
1 =

−B(1 + 1
p+1 , n

i)

ni
[
B(ni + 1

p+1 , 1)−B(1 + 1
p+1 , n

i)
] (36)

Similarly, the variance of the centroid can be obtained using
(31) with

P (ai) = Var(µai

n x(ni) + µai

1 x(1))

≈ (µai

ni)2Var(x(ni)) + (µai

1 )
2Var(x(1)) (37)

P (bi) = Var(µb
nx(ni) + µbi

1 x(1))

≈ (µbi

n )2Var(x(ni)) + (µbi

1 )2Var(x(1)) (38)

P (ai, bi) = Cov[(µai

n x(ni) + µai

1 x(1)), (µ
bi

n x(ni) + µbi

1 x(1))]

≈ µai

niµbi

niVar(x(ni)) + µai

1 µ
bi

1 Var(x(1)) (39)

assuming independence between x(1) and x(ni). We can use
the first and second moments to obtain the variance

Var(x(1)) = E{x2
(1)} − E{x(1)}2 (40)

Var(x(ni)) = E{x2
(ni)} − E{x(ni)}2 (41)

Note that since the true boundary [a b] are not available,
boundary estimates [â b̂] should be used to obtain the above
centroid variance with

E{x(1)} = b̂− niB(ni +
1

p+ 1
, 1)(b̂− â) (42)

Ex2
(1) = ni(b̂− â)2B(ni +

2

p+ 1
, 1) + 2b̂E{x(1)} − b̂2 (43)

E{x(ni)} = b̂− niB(1 +
1

p+ 1
, ni)(b̂− â) (44)

E{x2
(ni)} = ni(b̂− â)2B(1 +

2

p+ 1
, ni) + 2b̂E{x(ni)} − b̂2

(45)
Thus, one can use (30) and (31) as centroid measurement

and measurement uncertainty, respectively, in object tracking.

IV. UNIFORM PDF BASED ESTIMATION

Assume the observation set (29) is a set of independent
variables drawn from a uniform distribution U(xi

L, x
i
U ), i.e.,

a rectangular pdf, and

xi = [xi
L xi

U ]
′ (46)

is the nonrandom parameter vector that defines the lower (L)
and upper (U) boundaries of the support of the likelihood
function of x based on Oi (the pdf of Oi, with the subscript
dropped, conditioned on x)

Λ(xi;Oi) =
ni∏
j=1

p(x(ℓij)|xi
L, x

i
U ) =

1

(xi
U − xi

L)
ni (47)

The unbiased ML (maximum likelihood) estimator for (46)
is [19]

x̂i
L =

nioim − oiM
ni − 1

, x̂i
U =

nioiM − oim
ni − 1

(48)

where
oim ≜ min{oix(ℓi1), . . . , oix(ℓini)} (49)

oiM ≜ max{oix(ℓi1), . . . , oix(ℓini)} (50)
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The corresponding covariance matrix is

P i(x) = E
[
(x̂i − xi)(x̂i − xi)′

]
=

[
P i
11 P i

12

P i
21 P i

22

]
(51)

where

P i
11 = P i

22 =
ni(xi

U − xi
L)

2

(ni − 1)(ni + 1)(ni + 2)
(52)

and

P i
12 = P i

21 =
−(xi

U − xi
L)

2

(ni − 1)(ni + 1)(ni + 2)
(53)

The centroid of the bounding on x-axis with the boundary
of [x̂i

L x̂i
U ] can be obtained by

ĉix,R =
1

2
(x̂i

L + x̂i
U ) (54)

with corresponding variance

σ2
x,R =E

[
(ĉix,U − 1

2
(xi

l + xi
u))

2

]
=
1

4
P i
11 +

1

2
P i
12 +

1

4
P i
22

=
(xi

U − xi
L)

2

2(ni + 1)(ni + 2)
(55)

Note that, to implement the above, one needs to use the esti-
mates (x̂i

L, x̂
i
U ) instead of (xi

l, x
i
u) for approximation since the

true values are not available. Following the same procedure,
the centroid of the bounding on y-axis and z-axis can be
obtained using Oi

y and Oi
z , respectively.

V. NUMERICAL RESULTS
A. Simulation Results

In this subsection, performance (sensitivity) of the proposed
centroid estimator is tested by using various generalized
triangular densities, i.e., different p in (1). Random samples
(300 samples in simulation) are drawn from the true support
boundaries [5 9] with a given triangular density for each
experiment. The centroid (center of the support boundaries)
estimation Root Mean Square Error (RMSE) from 100 Monte-
Carlo runs are given in Table I. Calculated centroid variances,
from a single run (they vary slightly across runs), are also
shown in the same Table. It can be seen that the estimator is
consistent, i.e., RMSE matches σx,T statistically. Performance
degradation caused by model mismatching is within an ac-
ceptable range (maximum RMSE of 0.43ṁ and true centroid
is located at 7 m.) with statistically acceptable variance that
can be used in object tracking as position measurement noise
and its noise variance, respectively. In addition, uniform pdf
based estimation is carried out for the same experiments for
100 MC runs and the results are given in Table II. Although
the centroid estimation provides practical results, the estimator
is not consistent with small calculated variance that should
not be utilized in object tracking to avoid inaccurate state
estimation results. Additionally, the proposed algorithms are
compared with the naı̈ve but commonly used approach in AV
applications: Max-Min average (on x-axis for illustration)

ĉix,S =
1

2
(oim + oiM ) (56)

Note that the above cannot provide uncertainty for the bound-
ing box centroid.

B. Real-data Testing

In the real-world verification setup that was carried out, a
vehicle equipped with a Velodyne VLS-128 mounted on the
top of the roof, shown in Figure 2, was parked in a parking
lot. Another car was parked in front of the ego-vehicle. A
computer receiving the raw Velodyne data passed the data to a
machine learning algorithm [14] that was trained to recognize
vehicles. The algorithm calculated a 3D bounding box for
each detected vehicle, shown in Figure 3. The dimensions and
position of the bounding boxes were saved, along with the raw
point cloud for offline analysis.

The estimation is carried out at 10 Hz for 1 s (10 scans) and
the numerical results are shown in Fig. 4 for x and y. The
ground truth is measured manually off-line for performance
evaluation. It can be seen that the approach of triangular pdf
based unbiased estimation has superior performance with the
smallest error among all the algorithms.

The centroid estimation uncertainty is also studied. Tables
III and IV show the results from 5 scans: estimation error
(estimate (30) minus ground truth) and estimation uncertainty
(square root of (31)) from triangular pdf based estimation
with different p in (1) and (2) for x and y. It can be seen
that, when p = 2 for x and p = 1 for y, the estimator has
better consistency, i.e., this uncertainty (standard deviation)
matches the actual error statistically. While the estimation error
is small, the consistency is lost with p = 3 for x due to
model over-fitting — the calculated variance cannot be used
in tracking as measurement noise variance. The estimation
uncertainty obtained from the uniform pdf based unbiased
approach is shown in Table V (estimate (54) minus ground
truth). The very small calculated variance is unrealistic and
optimistic due to the fact of model mismatch. Note that,
prior to centroid estimation, one can apply model-matching
for the collected data (find p in (1)) to improve the estimation
accuracy.

The proposed centroid estimation algorithm can be run in
real-time for both static and moving objects. Since the ground
truth was not available for moving objects in the current work,
the algorithm performance will be further investigated in a
future study.

VI. CONCLUSIONS

In this work, we proposed a simple solution based on
order statistic estimation with useful application for lidar
bounding box centroid estimation in autonomous driving.
Different from data-driven GNN algorithms used in computer
vision or complex extended target tracking, the proposed
centroid estimation is model-based and independent from state
estimation. While providing reliable solution for measurement
uncertainty, the complexity of the problem is moderate in this
work. Centroid estimation is a pre-process of measurement-
to-target association (and target tracking later) using clustered
observations, i.e., point cloud from lidar. When the uncertainty
for each detected point is not available, one can assume either
a triangular density or a uniform density of the detected and
clustered points on a single rectangular bounding box. An un-
biased estimator is used for the distribution support boundary
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6

Fig. 2: Lexus RX450hL Equipped with a Velodyne VLS-128

Fig. 3: Vehicle Detection Algorithm Running on Velodyne Point Cloud

TABLE I: Triangle PDF based Centroid Estimation from 100 MC runs

Support Boundary [5 9] m
True Sample Data Distribution

p=1 Right Triangle p=2 Parabolic Triangle p=3 Cubic Triangle
RMSE σx,T RMSE σx,T RMSE σx,T

Estimator Model p=1 5.86 cm 5.58 cm 19.3 cm 5.01 cm 37.3 cm 3.92 cm
Estimator Model p=2 20.0 cm 11.1 cm 11.5 cm 10.1 cm 22.3 cm 9.75 cm
Estimator Model p=3 43.3 cm 16.9 cm 25.3 cm 15.4 cm 16.1 cm 13.6 cm

TABLE II: Centroid Estimation from Uniform PDF based Apporcah and Max-Min in Apporch from 100 MC runs

True Sample Data Distribution p=1 Right Triangle p=2 Parabolic Triangle p=3 Cubic Triangle
Uniform pdf based RMSE 10.9 cm 29.1 cm 45.8 cm
Uniform pdf based σx,R 0.93 cm 0.89 cm 0.79 cm

Max-Min RMSE 11.4 cm 27.5 cm 46.3 cm

TABLE III: Bounding Box Centroid Estimation Error and Standard Deviation for the:
generalized triangular pdf based Estimation with p = 2 for x and p = 1 for y.

Est Error SD Est Error SD Est Error SD Est Error SD Est Error SD
Num. of Detection 167 170 167 168 172

x (cm) -16.5 9.5 -17.4 9.5 -13.8 9.7 -13.9 9.7 -18.4 9.6
y (cm) -2.4 2.9 -1.2 2.9 -1.7 3.0 -2.4 3.1 -3.4 2.9
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7

(a) Centroid Estimation for x

(a) Centroid Estimation for y

Fig. 4: Centroid Estimation from Difference Algorithms
Ground Truth ∗ Max-Min Average ⃝ Unbiased ML Estimate

♢ triangular pdf based Estimate (p = 2 for x and p = 1 for y)

TABLE IV: Bounding Box Centroid Estimation Error and Standard Deviation for the:
generalized triangular pdf based Estimation with p = 3 for x and p = 1 for y.

Est Error SD Est Error SD Est Error SD Est Error SD Est Error SD
Num of Detection 167 170 167 168 172

x (cm) -0.1 14.4 -0.1 14.4 -2.9 14.6 -2.8 14.6 -1.8 14.4
y (cm) -2.4 2.9 -1.2 2.9 -1.7 3.0 -2.4 3.1 -3.4 2.9

TABLE V: Bounding Box Centroid Estimation Error and Standard Deviation for Uniform PDF based Estimation.

Est Error SD Est Error SD Est Error SD Est Error SD Est Error SD
Num of Detection 167 170 167 168 172

x (cm) -38.3 1.93 -39.1 1.92 -36.1 1.88 -36.4 1.97 -40.3 1.88
y (cm) -6.66 1.21 -7.90 1.24 -6.27 1.30 -6.87 1.28 -7.12 1.27
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8

parameters’ estimation for each axis and the centroid coordi-
nates are given by the centers of the boundaries. The proposed
centroid estimator is shown to be consistent in simulations.
Numerical real-data results show that the proposed estimator
can successfully estimate the bounding box centroid while
providing a consistent uncertainty that is needed for target
motion estimation. In the experiment presented, the estimation
with an assumption of a triangular pdf has best performance,
i.e., smaller estimation error and better consistency, compared
with the estimation with assumption of a uniform distribution
or the Max-Min average method.
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Abstract 8

In this work, we study the order statistic estimation and provide a simple solution to lidar bounding 9

box (BB) centroid estimation for an autonomous vehicle (AV). The estimated BB centroid and its 10

uncertainty will be used in object tracking as measurement and measurement noise variance; the latter is 11

commonly not available from the sensor manufacturer, and is needed for data association and target state 12

estimation. The detected and clustered sensor observations for a single target, on one axis, are assumed 13

to have i) a triangular density, or ii) a uniform (rectangular) density. These densities constitute the 14

likelihood function (LF) of the corresponding support (the interval where they are nonzero) boundaries. 15

Estimators are proposed for the LF support boundary parameter estimation and the centroid coordinates 16

are given by the centers of the boundaries. Experiments using real data are carried out to show the 17

performance of the proposed methods for autonomous driving applications. A comparison with the 18

Max-Min average approach shows the superiority of the proposed algorithm. 19

I. INTRODUCTION 20

Object detection provides information needed for target tracking and plays a core role in 21

autonomous driving. The observation uncertainties (standard deviation of measurement noise)1
22

Draft to TAES
1The measurement noises are commonly assumed to be white zero-mean Gaussian.
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2

are crucial in achieving high motion state estimation accuracy and consistency2. Therefore,23

capturing reliably the uncertainty in object tracking is indispensable for autonomous driving24

safety — the major concern. Lidar, as one the most commonly used onboard sensors, can provide25

color and depth information of the foreground and background. Object detection algorithms26

using lidar observations have been extensively studied. In this work, we study the order statistic27

estimation with an application of bounding box centroid (position and its uncertainty) estimation28

detected by a lidar.29

While the uncertainty of bounding box labeling has been studied in the literature using machine30

learning (ML) and neural networks (NN) with deep learning, little work has addressed the31

connection between the label uncertainty and measurement uncertainty, which is needed for32

object tracking. The concept of epistemic uncertainty (caused by process noise) and aleatoric33

uncertainty (caused by measurement noise) was introduced in [10], which proposed a Bayesian34

Deep Learning algorithm for obtaining the aforementioned uncertainties. Meyer et al. [13]35

proposed an improved lidar-based object detector by combing the benefits of the Kullback-36

Leibler Divergence loss and lidar label uncertainty. The authors proposed in [18] a generative37

model to estimate bounding box label uncertainties from lidar point clouds, and defined a new38

representation of the probabilistic bounding box through spatial distribution. Based on [10],39

Meyer et al. [14] introduced an efficient probabilistic 3D object detector using lidar. The40

mean and variance of the bounding box are discussed with the assumption that each point41

from the bounding box shares the same variance. A novel form of the loss function (via neural42

networks) was proposed in [16] to improve the performance of lidar-based object detection and43

discussed the uncertainty of an individual measurement for prediction. A sampling-free approach44

for computing the epistemic uncertainty of a neural network was presented in [17]. A review45

of uncertainty quantification in deep learning is given in [1]. Center-based object tracking via46

machine learning using 3D bounding box is introduced in [5]. Bai et al. [4] proposed TransFusion47

for lidar-camera fusion where a feed-forward network (FFN) is used to predicts the bounding48

box center offset and shape.49

Model-based extended object tracking can provide target shape (including the centroid) in-50

formation, however, it is done in the process of filtering along with motion state estimation51

2Consistency means the filter calculated uncertainties (standard deviations) associated with the state estimates match statistically

the actual errors.
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3

[22]. Granström el al. [7] proposed a method to solve the problem of tracking a rectangular 52

target using laser measurements by using sample covariance eigenvalues and the reference 53

point, i.e., the nearest angle of the rectangular to the laser range sensor. A Gaussian mixture 54

probability hypothesis density (GM-PHD) filter is used for the estimation of an extended state 55

vector including target motion and shape parameters. More details are given in [8] for extended 56

object tracking with various approaches for shape estimation, which is coupled with motion 57

state estimation. Turning to real-world sensor fusion systems, the application for extended object 58

tracking was introduced in [21], in which the authors presented a tracker using an interacting 59

multiple model (IMM) estimator for kinematic information and a truncated Gaussian scheme 60

for shape (width/length/orientation) estimation, and a hierarchical association method according 61

to both kinematic and shape information. In [11], the authors considered ellipsoidal object 62

extensions, which are defined by symmetric, positive definite random matrices. Note that the 63

above literature assumed known measurement noise statistics. 64

Fig. 1: Detected and clustered position observations for a single target from lidar

In some AV applications, the representative kinematic behaviors of the object are described by 65

the state of a reference point, which is commonly chosen to be the nearest observable corner to 66

the ego vehicle. However, the shape estimation suffers from problems such as an erratic reference 67

point as the object-sensor geometry changes, and insufficient object kinematic information, i.e., 68

the reference point cannot fully represent the object behaviors (e.g., a smoothly turning object 69

might be observed as static if the reference point is the rotation pivot point). In consequence, it 70
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4

is necessary to estimate the bounding box centroid and its uncertainty.71

In this work, we investigate the order statistic estimation for a general triangular density72

and, focusing on a rectangular AV bounding box, proposed a simple solution for centroid73

estimation, which is decoupled from state estimation (this is not extended target tracking).74

Centroid estimation is a pre-process of measurement-to-object association and target motion75

tracking. Fig. 1 shows the detected and clustered observations for a target of interest. The76

observations, along each axis, are assumed to have: 1) a triangular density or 2) a uniform77

density. Empirically, the uniform is a questionable assumption compared to the triangular one,78

but also provides significant improvement in centroid estimation compared to the Max-Min79

average method. The high resolution lidar measurements from an oncoming vehicle are more80

likely to have a triangular pdf, i.e., there will be more measurements around its corner nearest81

to the lidar than the farthest — this motivated the use of a triangular pdf. We also considered82

a “generalized triangular” pdf3 where the hypotenuse is not a straight line but a (convex “U”)83

parabola or a cubic. The distribution of sensor observations depends on sensor-object geometry.84

An unbiased estimator is then used to obtain the support boundary parameters and its uncertainty85

via order statistics estimation for the triangular density and Maximum Likelihood estimation for86

the rectangular density. For AV applications, the approach is used for lidar bounding box centroid87

estimation based on detected and clustered lidar point clouds. We assume that object detection88

is a preprocessing of the bounding box centroid estimation and it is available in the detector.89

The bounding box estimation results will then be used in target motion tracking.90

Sec. II formulates the problem and introduces order statistics for a generalized triangular91

density. The order statistic estimation is introduced in Sec. II-A and the support boundary esti-92

mation is shown in Sec. II-B. Generalized triangular pdf based centroid estimation is introduced93

in Sec. III. The detailed discussion for uniform pdf based Maximum Likelihood bounding box94

centroid estimation is in Sec. IV. The scenario setup and numerical results can be found in95

Sec. V. Conclusions are given in Sec. VI.96

II. ORDER STATISTICS FOR GENERALIZED TRIANGULAR DENSITY97

In this section, we discuss the order statistic estimation for a generalized triangular density.98

Assuming the lidar measurement (clustered) in a generic coordinate x has a density with Prob-99

3We admit that the term “generalized triangular” can be misleading but there does not seem to be one that is better.
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5

ability Density Function (pdf) and Cumulative Distribution Function (cdf) 100

f(x) =


(p+1)(b−x)p

(b−a)p+1 ; a ≤ x ≤ b

0 else
(1)

F (x) =


0 x < a

1−
(
b−x
b−a

)p+1
a ≤ x ≤ b

1 x > b

(2)

within the support boundaries a, b; p = 1 is a right triangle, p = 2 is a “parabolic triangle” 101

(convex “U”), p = 3 is a “cubic triangle”. The clustered measurements are assumed to be i.i.d. 102

and the total number is n. Specially, for target i we have n = ni (27). The superscript is dropped 103

here for simplicity. Define x(k) as the kth order statistic, i.e, the kth element when they are sorted 104

in an ascending order in the coordinate considered. 105

In general, for a population of i.i.d. random variables having pdf f(·) and cdf F (·), the pdf 106

of the kth order statistic is 107

fk(x(k)) =

 n

k

 kf(x(k))F (x(k))
k−1(1− F (x(k)))

n−k (3)

A. Order Statistic Estimation 108

For the variable defined in (1) and (2), the kth order statistic has the expected value 109

E{x(k)} =

∫ b

a

x

 n

k

 kf(x(k))F (x(k))
k−1(1− F (x(k)))

n−kdx (4)

=

∫ b

a

x

 n

k

 k
(p+ 1)(b− x)p

(b− a)p+1

(
1−

(
b− x

b− a

)p+1
)k−1

×

((
b− x

b− a

)p+1
)n−k

dx (5)

= b−
∫ b

a

 n

k

 k
(p+ 1)(b− x)p+1

(b− a)p+1

(
1−

(
b− x

b− a

)p+1
)k−1

×

((
b− x

b− a

)p+1
)n−k

dx (6)

Letting 110

m =

(
b− x

b− a

)p+1

(7)
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6

we have111

dx = −b− a

p+ 1
m

−p
p+1dm (8)

and112

E{x(k)} = b−
∫ 1

0

 n

k

 k(p+ 1)m (1−m)k−1mn−k b− a

p+ 1
m

−p
p+1dm (9)

= b−

 n

k

 k(b− a)

∫ 1

0

mα1−1 (1−m)β1−1 (10)

= b−

 n

k

 k(b− a)B(α1, β1)

∫ 1

0

1

B(α1, β1)
mα1−1 (1−m)β1−1 (11)

= b−

 n

k

 kB(α1, β1)(b− a) (12)

where113

α1 = n− k +
1

p+ 1
+ 1 β1 = k (13)

and B(α1, β1) = Γ(α1)Γ(β1)
Γ(α1+β1)

is the beta function. Note in (11), we have an integral of a beta114

distribution pdf.115

The second moment of the kthorder statistic is116

E{x2
(k)} =

∫ b

a

x2

 n

k

 kf(x(k))F (x(k))
k−1(1− F (x(k)))

n−kdx (14)

=

∫ b

a

[
(b− x)2 + 2xb− b2

] n

k

 k
(p+ 1)(b− x)p

(b− a)p+1

(
1−

(
b− x

b− a

)p+1
)k−1

×

((
b− x

b− a

)p+1
)n−k

dx (15)

=

∫ b

a

 n

k

 k(p+ 1)(b− a)
(b− x)p+2

(b− a)p+2

(
1−

(
b− x

b− a

)p+1
)k−1

×

((
b− x

b− a

)p+1
)n−k

dx+ 2bE{x(k)} − b2 (16)

Again, we use (7) and the above becomes117
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7

E{x2
(k)} =

∫ 1

0

 n

k

 k(p+ 1)(b− a)m
p+2
p+1 (1−m)k−1 mn−k b− a

p+ 1
m

−p
p+1dm

+ 2bE{x(k)} − b2 (17)

=

∫ 1

0

 n

k

 k(b− a)2mα2−1(1−m)β2−1dm+ 2bE{x(k)} − b2 (18)

=

 n

k

 k(b− a)2B(α2, β2) + 2bE{x(k)} − b2 (19)

where 118

α2 = n− k +
2

p+ 1
+ 1 β2 = k (20)

B. PDF Support Boundary Estimation 119

Define 120

γn,k =

 n

k

 kB(α1, β1) (21)

then the expected value of the kthorder statistic (12) becomes 121

E{x(k)} = γn,ka+ (1− γn,k)b (22)

We propose the following estimators, based on [19] 122

â ≡ µa
kx(k) + µa

l x(l)

b̂ ≡ µb
kx(k) + µb

lx(l) (23)

for arbitrary order statistics k and l. In order that these be unbiased estimators of a and b we 123

require 124 (1− γn,k) (1− γn,l)

γn,k γn,l

 µa
k

µa
l

 =

 0

1

 (24)

 (1− γn,k) (1− γn,l)

γn,k γn,l

 µb
k

µb
l

 =

 1

0

 (25)
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8

III. TRIANGULAR PDF BASED BOUNDING BOX CENTROID ESTIMATION125

In object clustering (by discretizing the top-down view into bins [14]), a set of lidar points126

Si whose centroids – absolute box centers – fall into the same bin (cluster) i form a single127

bounding box for object i. Define the bin indicator128

αi(k) =

 1 k ∈ Si (c(k) falls in bin i) k = 1, . . . , N

0 otherwise
(26)

where N is the total number of detections in the scan of interest.129

The total number of points in the set Si, with membership indicator αi(k), is130

ni =
N∑
k=1

αi(k) (27)

After clustering, the position observation set for target i is defined as131

Oi = col
[
[x(k) y(k) z(k)]′

]
k∈Si

(28)

which is a stacked vector of all the clustered 3D position vectors.132

The estimation for the centroid will be done independently across coordinates. Thus, as an133

illustration, the following analysis is only for the x-axis, where the results can be used for any134

axis. A subset of (28), only considering the x-axis, is defined as135

Oi
x ≜ col [x(k)]k∈Si

(29)

which contains ni, given in (27), position measurements. Assuming the observations are i.i.d.136

random variables having pdf (1) and cdf (2), the support boundary estimate is (âi, b̂i). The137

centroid of the bounding box can be obtained by138

ĉix,T =
1

2
(âi + b̂i) (30)

The subscript T indicates triangular pdf based estimation.139

The variance of the centroid is140

σ2
x,T ≜ P (ĉix,T ) =

1

4
[P (ai) + 2P (ai, bi) + P (bi)] (31)

From Sec. II, using the 1st and nth order statistics in (23), i.e., l = 1 and k = n, we have141

â = µa
(ni)x(ni) + µa

1x(1)

b̂ = µb
(ni)x(ni) + µb

1x(1) (32)
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9

where 142

µa
(ni) =

B(ni + 1
p+1

, 1)− 1

ni
[
B(ni + 1

p+1
, 1)−B(1 + 1

p+1
, ni)

] (33)

143

µa
1 =

1−B(1 + 1
p+1

, ni)

ni
[
B(ni + 1

p+1
, 1)−B(1 + 1

p+1
, ni)

] (34)

144

µb
(ni) =

B(ni + 1
p+1

, 1)

ni
[
B(ni + 1

p+1
, 1)−B(1 + 1

p+1
, ni)

] (35)

145

µb
1 =

−B(1 + 1
p+1

, ni)

ni
[
B(ni + 1

p+1
, 1)−B(1 + 1

p+1
, ni)

] (36)

Similarly, the variance of the centroid can be obtained using (31) with 146

P (ai) = Var(µai

n x(ni) + µai

1 x(1))

≈ (µai

ni)2Var(x(ni)) + (µai

1 )
2Var(x(1)) (37)

P (bi) = Var(µb
nx(ni) + µbi

1 x(1))

≈ (µbi

n )
2Var(x(ni)) + (µbi

1 )
2Var(x(1)) (38)

P (ai, bi) = Cov[(µai

n x(ni) + µai

1 x(1)), (µ
bi

n x(ni) + µbi

1 x(1))]

≈ µai

niµbi

niVar(x(ni)) + µai

1 µ
bi

1 Var(x(1)) (39)

assuming independence between x(1) and x(ni). We can use the first and second moments to 147

obtain the variance 148

Var(x(1)) = E{x2
(1)} − E{x(1)}2 (40)

Var(x(ni)) = E{x2
(ni)} − E{x(ni)}2 (41)

Note that since the true boundary [a b] are not available, boundary estimates [â b̂] should be 149

used to obtain the above centroid variance with 150

E{x(1)} = b̂− niB(ni +
1

p+ 1
, 1)(b̂− â) (42)

151

Ex2
(1) = ni(b̂− â)2B(ni +

2

p+ 1
, 1) + 2b̂E{x(1)} − b̂2 (43)

152

E{x(ni)} = b̂− niB(1 +
1

p+ 1
, ni)(b̂− â) (44)

153

E{x2
(ni)} = ni(b̂− â)2B(1 +

2

p+ 1
, ni) + 2b̂E{x(ni)} − b̂2 (45)

Thus, one can use (30) and (31) as centroid measurement and measurement uncertainty, 154

respectively, in object tracking. 155

August 27, 2022 DRAFT

Page 17 of 30

https://mc.manuscriptcentral.com/taes

IEEE Transactions on Aerospace and Electronic Systems

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



10

IV. UNIFORM PDF BASED ESTIMATION156

Assume the observation set (29) is a set of independent variables drawn from a uniform157

distribution U(xi
L, x

i
U), i.e., a rectangular pdf, and158

xi = [xi
L xi

U ]
′ (46)

is the nonrandom parameter vector that defines the lower (L) and upper (U) boundaries of the159

support of the likelihood function of x based on Oi (the pdf of Oi, with the subscript dropped,160

conditioned on x)161

Λ(xi;Oi) =
ni∏
j=1

p(x(ℓij)|xi
L, x

i
U) =

1

(xi
U − xi

L)
ni (47)

The unbiased ML (maximum likelihood) estimator for (46) is [19]162

x̂i
L =

nioim − oiM
ni − 1

, x̂i
U =

nioiM − oim
ni − 1

(48)

where163

oim ≜ min{oix(ℓi1), . . . , oix(ℓini)} (49)
164

oiM ≜ max{oix(ℓi1), . . . , oix(ℓini)} (50)

The corresponding covariance matrix is165

P i(x) = E
[
(x̂i − xi)(x̂i − xi)′

]
=

P i
11 P i

12

P i
21 P i

22

 (51)

where166

P i
11 = P i

22 =
ni(xi

U − xi
L)

2

(ni − 1)(ni + 1)(ni + 2)
(52)

and167

P i
12 = P i

21 =
−(xi

U − xi
L)

2

(ni − 1)(ni + 1)(ni + 2)
(53)

The centroid of the bounding on x-axis with the boundary of [x̂i
L x̂i

U ] can be obtained by168

ĉix,R =
1

2
(x̂i

L + x̂i
U) (54)

with corresponding variance

σ2
x,R =E

[
(ĉix,U − 1

2
(xi

l + xi
u))

2

]
=
1

4
P i
11 +

1

2
P i
12 +

1

4
P i
22

=
(xi

U − xi
L)

2

2(ni + 1)(ni + 2)
(55)
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11

Note that, to implement the above, one needs to use the estimates (x̂i
L, x̂

i
U) instead of (xi

l, x
i
u) 169

for approximation since the true values are not available. Following the same procedure, the 170

centroid of the bounding on y-axis and z-axis can be obtained using Oi
y and Oi

z, respectively. 171

Fig. 2: Lexus RX450hL Equipped with a Velodyne VLS-128

Fig. 3: Vehicle Detection Algorithm Running on Velodyne Point Cloud

V. NUMERICAL RESULTS 172

A. Simulation Results 173

In this subsection, performance (sensitivity) of the proposed centroid estimator is tested by 174

using various generalized triangular densities, i.e., different p in (1). Random samples (300 175
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12

samples in simulation) are drawn from the true support interval [5 9] with a given triangular176

density for each experiment. The centroid (center of the support boundaries) estimation Root177

Mean Square Error (RMSE) from 100 Monte-Carlo runs are given in Table I. Calculated centroid178

variances, from a single run (they vary slightly across runs), are also shown in the same Table. It179

can be seen that the estimator is consistent, i.e., RMSE matches σx,T statistically. Performance180

degradation caused by model mismatch is within an acceptable range (maximum RMSE of181

0.43 m and true centroid is located at 7 m) with statistically acceptable variance that can be used182

in object tracking as position measurement noise and its noise variance, respectively. In addition,183

uniform pdf based estimation is carried out for the same experiments for 100 MC runs and the184

results are given in Table II. Although the centroid estimation provides practical results, the185

estimator is not consistent with small calculated variance that should not be utilized in object186

tracking to avoid inaccurate state estimation results. Additionally, the proposed algorithms are187

compared with the naı̈ve but commonly used approach in AV applications: Max-Min average188

(on x-axis for illustration)189

ĉix,S =
1

2
(oim + oiM) (56)

Note that the above cannot provide uncertainty for the bounding box centroid.190

TABLE I: Triangle PDF based Centroid Estimation from 100 MC runs

Support Boundary [5 9] m

True Sample Data Distribution

p=1 Right Triangle p=2 Parabolic Triangle p=3 Cubic Triangle

RMSE σx,T RMSE σx,T RMSE σx,T

Estimator Model p=1 5.86 cm 5.58 cm 19.3 cm 5.01 cm 37.3 cm 3.92 cm

Estimator Model p=2 20.0 cm 11.1 cm 11.5 cm 10.1 cm 22.3 cm 9.75 cm

Estimator Model p=3 43.3 cm 16.9 cm 25.3 cm 15.4 cm 16.1 cm 13.6 cm

TABLE II: Centroid Estimation from Uniform PDF based Approach and Max-Min Approach

from 100 MC runs

True Sample Data Distribution p=1 Right Triangle p=2 Parabolic Triangle p=3 Cubic Triangle

Uniform pdf based RMSE 10.9 cm 29.1 cm 45.8 cm

Uniform pdf based σx,R 0.93 cm 0.89 cm 0.79 cm

Max-Min RMSE 11.4 cm 27.5 cm 46.3 cm
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13

B. Real-data Testing 191

In the real-world verification setup that was carried out, a vehicle equipped with a Velodyne 192

VLS-128 mounted on the top of the roof, shown in Figure 2, was parked in a parking lot. 193

Another car was parked in front of the ego-vehicle. A computer receiving the raw Velodyne 194

data passed the data to a machine learning algorithm [14] that was trained to recognize vehicles. 195

The algorithm calculated a 3D bounding box for each detected vehicle, shown in Figure 3. The 196

dimensions and position of the bounding boxes were saved, along with the raw point cloud for 197

offline analysis. 198

The estimation is carried out at 10 Hz for 1 s (10 scans) and the numerical results are 199

shown in Fig. 4 for x and y. The ground truth is measured manually off-line for performance 200

evaluation. It can be seen that the approach of triangular pdf based unbiased estimation has 201

superior performance with the smallest error among all the algorithms. 202

TABLE III: Bounding Box Centroid Estimation Error and Standard Deviation for the:

generalized triangular pdf based Estimation with p = 2 for x and p = 1 for y.

Est Error SD Est Error SD Est Error SD Est Error SD Est Error SD

Num. of Detection 167 170 167 168 172

x (cm) -16.5 9.5 -17.4 9.5 -13.8 9.7 -13.9 9.7 -18.4 9.6

y (cm) -2.4 2.9 -1.2 2.9 -1.7 3.0 -2.4 3.1 -3.4 2.9

TABLE IV: Bounding Box Centroid Estimation Error and Standard Deviation for the:

generalized triangular pdf based Estimation with p = 3 for x and p = 1 for y.

Est Error SD Est Error SD Est Error SD Est Error SD Est Error SD

Num of Detection 167 170 167 168 172

x (cm) -0.1 14.4 -0.1 14.4 -2.9 14.6 -2.8 14.6 -1.8 14.4

y (cm) -2.4 2.9 -1.2 2.9 -1.7 3.0 -2.4 3.1 -3.4 2.9

The centroid estimation uncertainty is also studied. Tables III and IV show the results from 203

5 scans: estimation error (estimate (30) minus ground truth) and estimation uncertainty (square 204

root of (31)) from triangular pdf based estimation with different p in (1) and (2) for x and y. It 205

can be seen that, when p = 2 for x and p = 1 for y, the estimator has better consistency, i.e., 206

this uncertainty (standard deviation) matches the actual error statistically. While the estimation 207
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14

(a) Centroid Estimation for x

(a) Centroid Estimation for y

Fig. 4: Centroid Estimation from Difference Algorithms

Ground Truth ∗ Max-Min Average ⃝ Unbiased ML Estimate

♢ triangular pdf based Estimate (p = 2 for x and p = 1 for y)

TABLE V: Bounding Box Centroid Estimation Error and Standard Deviation for Uniform PDF

based Estimation.

Est Error SD Est Error SD Est Error SD Est Error SD Est Error SD

Num of Detection 167 170 167 168 172

x (cm) -38.3 1.93 -39.1 1.92 -36.1 1.88 -36.4 1.97 -40.3 1.88

y (cm) -6.66 1.21 -7.90 1.24 -6.27 1.30 -6.87 1.28 -7.12 1.27
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error is small, the consistency is lost with p = 3 for x due to model over-fitting — the calculated 208

variance cannot be used in tracking as measurement noise variance. The estimation uncertainty 209

obtained from the uniform pdf based unbiased approach is shown in Table V (estimate (54) 210

minus ground truth). The very small calculated variance is unrealistic and optimistic due to the 211

fact of model mismatch. Note that, prior to centroid estimation, one can apply model-matching 212

for the collected data (find p in (1)) to improve the estimation accuracy. 213

The proposed centroid estimation algorithm can be run in real-time for both static and moving 214

objects. Since the ground truth was not available for moving objects in the current work, the 215

algorithm performance will be further investigated in a future study. 216

VI. CONCLUSIONS 217

In this work, we proposed a simple solution based on order statistic estimation with useful 218

application for lidar bounding box centroid estimation in autonomous driving. Different from 219

data-driven GNN algorithms used in computer vision or complex extended target tracking, 220

the proposed centroid estimation is model-based and independent from state estimation. While 221

providing reliable solution for measurement uncertainty, the complexity of the problem is mod- 222

erate in this work. Centroid estimation is a pre-process of measurement-to-target association 223

(and target tracking later) using clustered observations, i.e., point cloud from lidar. When the 224

uncertainty for each detected point is not available, one can assume either a triangular density 225

or a uniform density of the detected and clustered points on a single rectangular bounding 226

box. An unbiased estimator is used for the distribution support boundary parameters’ estimation 227

for each axis and the centroid coordinates are given by the centers of the boundaries. The 228

proposed centroid estimator is shown to be consistent in simulations. Numerical real-data results 229

show that the proposed estimator can successfully estimate the bounding box centroid while 230

providing a consistent uncertainty that is needed for target motion estimation. In the experiment 231

presented, the estimation with an assumption of a triangular pdf has best performance, i.e., 232

smaller estimation error and better consistency, compared with the estimation with assumption 233

of a uniform distribution or the Max-Min average method. 234
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Replies to Reviewers’ Comments
Please note that the line numbers indicated in the following replies are w.r.t. the one column

version manuscript.

Reviewer 1.

1.1 In the first instance, I think that some additional effort in reviewing background research

should be undertaken. The paper makes a number of statements such as ‘little work has addressed

the connection between the label uncertainty and measurement uncertainty’ and ‘There are no

model-based results in the literature on the centroid estimation problem of a bounding box’. The

topic of extended object tracking yields 2.2M results. The review paper by Ganstrom et al. 2016

outlines a number of different models attempting to estimate the bounding box of a lidar cluster.

Furthermore, there have been some works which have considered the challenge of measuring both

aleatoric and epistemic uncertainties in computer vision based detection/classification techniques

(for example Postels et al. 2019 and Abdar et al. 2021.

Reply-1.1: Thank you for the comment, we have improved the introduction.

1.1a Additional Suggested Reference.

Rely-1.1a: Thank you for the suggestion. Recommended references have been added. See lines

44–57

1.2 My second major comment is regarding the results. This paper claims ‘superiority of the

proposed algorithm’ based on only a single result. For an IEEE transactions paper, I feel that more

thorough testing is required to justify this claim. Specifically, the results should introduce simulated

results (e.g. using the MATLAB AD toolbox) with statistically well-defined measurements, should

consider different ranges (i.e. lower resolutions and lower number of observation points) and different

motion considerations.

Reply 1.2: Thank you for your suggestions. Simulation results have been added in Sec.V-A (lines

174–190) to test the sensitivity of the proposed estimator for different generalized triangular density

models. Matlab AD toolbox is not available in the current project but will be incorporated in future

research.
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2

1.3 One of the major points that the paper didn’t consider is the challenge of associating

measurement points to the target objects. Specifically, when a sensor such as a lidar observes

an extended object the relationship between the measurements and the extended object is unknown.

My understanding was that this paper considered that the object would be fully sampled across two

dimensions, and that the bounding box would fully encompass the object. This may be true for close

in objects, but for those at range, or only presenting a single dimension (e.g. observing cars in front

on a highway), it is unknown how well the proposed technique will perform.

Reply 1.3: Model-based support boundary estimation is done independently across axes. In a

3-D case, assuming independence, the centroid estimate can be obtained by finding the estimates

on x-axis, y-axis and z-axis individually. Clustering is beyond the scope of the current paper, i.e.,

centroid estimation is based on clustered measurements. Measurement-to-target association is carried

out after centroid estimation and this is why reliable estimate and uncertainty are crucial since they

are used to represent sensor measurement in association.

1.4 The paper uses ’Ref. [x]’ to refer to works. The common nomenclature is to state the name

and cite the work (e.g. smith et al. [4]). Saying ’Ref.’ makes the reader search for the reference to

understand it.

Reply 1.4: Thank you, they have been modified.

1.5 Page 3, Line 8. Turning to real-world driving sensor fusion system ... Consider saying ’Turning

to a real-world ...’ or ’sensor fusion systems’

Reply 1.5: Thank you, fixed as “sensor fusion systems”.

1.6 Page 3 Line 55. Surely this is only for point object tracking? The challenge of extended object

tracking is that you are trying to track a target which is not fully observed and therefore there is

no known measurement-to-object association ?

Reply 1.6: The motion state of a target is represented by a point, i.e., the centroid of the bounding

box. Clustering is assumed to be done prior to centroid estimation. Please also see Reply 1.7. Thus

one can talk about measurement-to-target association.

1.7 Page 4, Line 13. There is an additional consideration here in that you have two challenges.
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3

The first is the measurement-to-Estimated Object association (i.e. where on the vehicle is each lidar

point measuring) and the estimatedObject-to-ObjectTrack association. While I am not sure it is

necessary to discuss this in this paper, it may be a useful consideration for future work!

Reply 1.7: Thank you. The first challenge described by the reviewer is known as clustering (gather

data points that belong to one single object). Note that the proposed centroid estimation is based

on clustered data. Clustering techniques can be found in the literature and are not included in this

paper for simplicity. The second challenge is measurement-to-track association which uses centroid

(or corner point) as reference point. The focus of this paper is to find a simple but accurate solution

of estimating the centroid and its uncertainty in order to achieve reliable measurement-to-track

association results.

1.8 Section 2 Equation 26. It would be useful to have a short summary to this section outlining

what the derivation achieved. Specifically, explaining what the parameters â and b̂ represent would

be useful here and will greatly aid in readability of the paper when you are considering the bounding

box based estimation in later sections. When reviewing the paper, I needed to go back and forth in

order to follow the derivation and its relation to the triangular and uniform pdf functions.

Reply 1.8: Section III has been modified with detailed equations (30)–(45) added to improve the

readability for non-experts in the field as suggested by the reviewer.

1.9 Page 9, Line 18. The paper states that ’assuming independence between x(1) and x(ni)’ - Is

this strictly true? This might be a more philosophical discussion, but surely the clustered lidar points

are not truly independent nor identical? The measurements themselves are recorded intervals against

the same physical object, and the uncertainty covariance for each lidar beam will be a function of

angle/range and not x/y. I think that it would be useful to comment on this!

Reply 1.9: Conditional independence between x(1) and x(n) is a reasonable assumption here (it

is conditioned on the distribution parameter) for centroid estimation.

1.10 How is ground truth computed in the results? The paper states that it is estimated ’manually

offline’ (page 11 line 53) - what does this mean exactly? Surely the most accurate sensor is itself

the lidar scanner? This is important as the results are showing errors which are below the precision

of the sensor based on the theoretic range-resolution to bandwidth consideration (I believe that this
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is 4cm for a velodyne but I may be wrong).

Reply 1.10: Ground truth, i.e., centroid of the vehicle in local coordinates are measurements

obtained using an extra laser range measuring device. The standard deviation (uncertainty level),

matches sensor resolution. As shown in the newly added simulation section, the estimator is consistent,

i.e, RMSE matches calculated SD statistically.

1.11 Consider placing a short summary of the derivations at the end of sections 3 and 4. It would

be useful for readability by non-experts in the field.

Reply 1.11: Please see Reply. 1.8.

1.12 My final recommendation would be to expand the conclusions section. At present, the

conclusions provide a very good summary of the work. However, a little expansion on the importance

and impact of the work (so what) will help the reader to understand the importance of the work in

this domain.

Reply 1.12: Thank you, we have modified the conclusion. See lines 218–228.

Reviewer 2.

2.1 No references are provided for the fact that max-min averaging is the standard procedure. In

fact, a quick literature study (see below) showed that most methods directly take the center of the

bounding box as measurement. This should be discussed by the authors and using the center of the

bounding box as a measurement should also be considered in the numerical results.

Reply 2.1: Max-min averaging is an empirical simplest method for getting the centroid. To clarify,

the center of the bounding box is the centroid that is analyzed in our numerical results. The proposed

technique uses all the clustered measurements to estimate the support boundaries of the pdf and is

significantly better than Max-min as shown in Fig.4.

2.2 The numerical results need to be discussed in more detail and expanded. No reference is

provided for the used dataset and the machine learning method used for bounding box extraction.

This is somewhat surprising since there is a very large number of datasets and extracted bounding

boxes available online, e.g., provided by Waymo and nuScenes. I strongly recommend using publicly
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available data and providing appropriate references for reproducibility.

Reply 2.2: Thank you for the suggestion. Clustering/detection technique used in the experiment

is from LaserNET, a reference as been added. Unfortunately, more bounding box data analysis is

not available in the current project. In addition, the current work is based on clustered data and

clustering technique is beyond the scope of this paper. We will incorporate more data testing in

future study.

2.3

T. Yin, X. Zhou, and P. Krahenbuhl, “Center-based 3D object detectionand tracking,” in Proc.

CVPR-21, Jun. 2021, pp. 11 784–11 793.

H.-k. Chiu, A. Prioletti, J. Li, and J. Bohg, “Probabilistic 3D multi-object tracking for autonomous

driving,”arXiv preprint arXiv:2001.05673,2020.

Xuyang Bai, Zeyu Hu, Xinge Zhu, Qingqiu Huang, Yilun Chen, Hongbo Fu, Chiew-Lan Tai;

Proceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recognition (CVPR),

2022, pp. 1090-1099

Reply 2.3: Thank you for the suggestions. Suggested references added in Introduction, see lines

45–52.
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